Abstract. Decidability results for the veri cation of hybrid systems consist of constructing special nite state quotients called bisimulations whose properties are equivalent to those of the original in nite state system. This approach has had success in the case of timed automata and linear hybrid automata. In this paper, the powerful framework of strati cation theory and subanalytic sets is presented and used in order to obtain bisimulations of certain analytic vector elds on analytic manifolds.
Introduction
Hybrid systems consist of nite state machines interacting with di erential equations. Various modeling formalisms, analysis, design and control methodologies as well as applications can be found in 8, 3, 2, 11, 4] . The theory of formal veri cation is one of the main approaches for analyzing properties of hybrid systems. The system to be analyzed is rst modeled as a hybrid automaton, and the property to be analyzed is expressed using a formula from some temporal logic. Then model checking or deductive algorithms are used in order to guarantee whether the system model indeed satis es the desired property. Many veri cation algorithms are essentially reachability algorithms which check whether the system can reach certain undesirable regions of the state space. Even though for nite state, discrete systems this approach has had success, when dealing with the in nite state space of a hybrid automaton, model checking algorithms are in danger of never terminating. Decidability results for analyzing hybrid systems consider special nite state quotients of the original in nite state hybrid automaton called bisimulations 9] . Bisimulations are special quotient systems in the sense that checking a property on the quotient system is equivalent to checking the property on the original system. If an in nite state hybrid automaton has a nite state bisimulation then the analysis and veri cation procedure is decidable. Obtaining bisimulations for purely discrete, nite state automata is clearly decidable since the underlying state space is nite. It is therefore clear that constructing bisimulations for hybrid systems may not terminate because of the in nite cardinality of the continuous state space and dynamics. In this paper, we consider the problem of constructing nite state bisimulations for purely continuous systems. More precisely, given an analytic vector eld on an analytic manifold, a set of initial conditions and a set of unsafe states, we would like to construct a nite state transition system such that checking reachability on the nite graph is equivalent to checking reachability of the original continuous system. In order to tackle this problem, the powerful frameworks of subanalytic sets and strati cation theory 10, 5, 14] are used. Subanalytic sets are an important class of sets having many desirable \ niteness" properties. For example, relatively compact subanalytic sets have nitely many connected components. In addition, subanalytic sets are closed under intersections, unions, complementation as well as forward and inverse images under proper maps. Strati cation theory allows us to deal 1 with many technical issues concerning sets and their boundaries and is crucial in re ning partitions into ner equivalence classes. With these powerful tools we present an algorithm for constructing bisimulations of analytic systems as well as a proof that the algorithm terminates in the case of linear vector elds in R n with real eigenvalues. The outline of the paper is as follows: In Section 2 we review the notion of bisimulations as well as the algorithm for computing bisimulations for transition systems. Section 3 presents many basic facts about strati cation theory and subanalytic sets and in Section 4 we use these facts to construct bisimulations of analytic vector elds. Finally, Section 5 presents interesting issues for further research.
Bisimulations
A more detailed exposition to the material described in this section can be found in 9]. A transition system H = (Q; ; !; Q O ; Q F ) consists of a set Q of states, an alphabet of events, a transition relation ! Q Q, a set Q O Q of initial states, and a set Q F Q of nal states. The transition system is nite if the cardinality of Q is nite and it is in nite otherwise. A region is a subset R Q. Given Pre (R) Let Q Q be an equivalence relation on the state space and let Q= denote the resulting quotient space. A -block is a union of equivalence classes. and Q O = and Q F = are -blocks containing initial and nal states respectively. The transition relation ! on the quotient space is de ned as follows: for Q 1 ,Q 2 2 Q= , (Q 1 ; ; Q 2 ) 2! i there exist q 1 2 Q 1 and q 2 2 Q 2 such that (q 1 ; ; q 2 ) 2!. The quotient transition system is then H= = (Q= ; ; ! ; Q 0 = ; Q F = ). The quotient system H= is a bisimulation of H i Q F is a -block and for all 2 and allblocks R, the region Pre (R) is a -block. A bisimulation is called nite if it has a nite number of equivalence classes. Bisimulations are very important because bisimilar transition systems generate the same language. Therefore, checking properties on the bisimilar quotient is equivalent to checking properties of the original transition system. This is very useful in reducing the complexity of various veri cation algorithms. In addition, if H is an in nite and H= is a nite bisimulation, then veri cation algorithms for in nite systems (for example hybrid systems) are guaranteed to terminate. A successful application of this approach for timed automata can be found in 1]. Even though an algorithm computing bisimulations may not, in general, terminate, it may be feasible to guarantee termination for certain classes of vector elds and sets. In order to tackle these very interesting questions, we will use the framework of subanalytic sets and strati cation theory. 3 . given two sets S; P 2 S, P 6 = S, such that S \ P 6 = ; then S P and dim S < dim P
The sets in a strati cation are called strata. The third condition in the de nition allows the construction of inductive proofs. The following example shows how the third condition may fail. Consider the partition of the plane into the four embedded submanifolds according to De nition 3.8. We say that a strati cation S of M is compatible with a subset P of M if P is a union of strata of S. The one important property of subanalytic sets which is missing from this list is the following:
This is in fact true, but its proof requires the strati cation theorem for subanalytic sets. Before stating that theorem we give a few examples of subanalytic sets. In particular, any semialgebraic subset of R n is in SBAN(R n ).
The following properties clarify further the relation between subanalytic sets and their ambient space. We nish this section with a simple proposition which illustrates some of the good intersection properties that analytic curves have with subanalytic sets. The \ niteness" property indicated in the proposition makes it possible to de ne transitions between strata in a natural way. The following example shows that the assumption of subanalyticity in the proposition above can not be dropped. Each set is an embedded analytic submanifold of R 2 and they clearly satisfy the condition on the dimension of the strata in the closure of other strata. Finally, consider the constant vector eld X = @ @x . Then the integral curve of X through (0; 0) is the x-axis (parameterized by x itself). Therefore, the image by of any interval containing 0 intersects both S 4 and S 5 an in nite number of times.
Bisimulations of Analytic Vector Fields
Here we describe a process for the construction of a bisimulation for the ow of a real analytic vector eld. We assume that we are given a real analytic vector eld X on a connected real analytic manifold M as well as a nite family A of relatively compact subanalytic sets. These sets may describe initial conditions, guards, invariants or undesirable regions of the continuous evolution within a discrete location of a hybrid automaton. We now invoke Theorem 3.21 (here there is a single vector eld on every stratum) to obtain a strati cation S of M by subanalytic sets which is compatible with A and such that on each strata X is either everywhere tangent or nowhere tangent. We now wish to study how the integral curves of X enter and leave each stratum of S. For this we need a more precise de nition of what we mean by leaving and entering a stratum.
De nition 4.1. Given two strata S, T (S 6 = T) of the subanalytic strati cation S, and a real analytic curve : I ! M (I an open interval), we say that leaves S through T (or enters T from S) if one of the following exiting conditions is satis ed:
E1: there exists a; b 2 I such that (t) 2 S for all t 2 (a; b) and (b) 2 T E2: there exists a; b 2 I such that (a) 2 S and (t) 2 T for all t 2 (a; b).
The following proposition shows that this de nition covers all possible \exiting" situations. Proposition 4.2. Let S and be as above. If there exists t 0 ; t 1 2 I such that (t 0 ) 2 S and (t 1 ) 6 2 S then there is a stratum T such that either E1 or E2 holds.
It is clear from the de nition that in case E1, T \ S 6 = ;. By property 3 of a strati cation, we conclude T S and dim T < dim S. Similarly in case E2, S T and dim S < dim T. We call a stratum S 2 S tangential if the vector eld X is tangent to S at every point of S. We call a stratum transversal otherwise. The following proposition clari es further the possible exit situations.
Proposition 4.3. Let S, T be strata in S and an integral curve of X which leaves S through T.
Then one (and only one) of the following holds:
1. condition E1 holds, S is a tangential stratum and T is a transversal stratum. 2. condition E2 holds, S is a transversal stratum and T is s tangential stratum.
Our goal is to construct a bisimulation as a quotient of the equivalence relation induced by the strati cation S. More precisely, we would like to de ne the equivalnce relation S by p S q i p,q belong to the same stratum of S. In M= S there is a transition from S to T i an integral curve of X leaves S through T. In order to obtain a bisimulation we need the strati cation S to satisfy the following two conditions:
1. if an integral curve of X starting at a point of the stratum S does not exit S, then no other integral curve starting in S leaves S, 2. whenever and integral curve of X which starts in S leaves the stratum through T, then all other integral curves which start in S leave the stratum through T.
In order to satisfy the above mentioned properties we re ne the strati cation further according to exit features of the integral curves. We describe the iterative process below. If the process terminates we obtain the desired bisimulation. The following process is analogous to the bisimulation algorithm described in Section 2.
De nition 4.4 (Re nement Process). The process has two steps which will need to be iterated. In the rst we re ne the tangential strata. In the second we re ne the transversal strata. Step 1: Let S be a tangential stratum. For each T S, T 6 = S let S T denote the set of points q 2 S for which the integral curve of X through q leaves S through T. Let S 0 = S n S T where the union is taken over all strata T contained in S and di erent from S. So, S 0 is the set of points q 2 S such that the integral curve of X through q at time t = 0, remains in S for all t 0. We subdivide S into the sets S T and S 0 . This is a nite subdivision of S.
Step 2: Let R be a transversal stratum. Let R b = fS 2 S : S 6 = R; R Sg. For each S 2 R b and T S (T 6 = S), let R ST be the set of points r 2 R such that the integral curve through r leaves R through S T . Also, let R S0 denote the set of points r 2 R such that the integral curve through r leaves R through S 0 . We subdivide R into the sets R ST ; R S0 where S varies over R b . This is a nite subdivision of R.
Notice that in Step 2 we may be subdividing some sets which are in the closure of some tangential set. This requires the iteration of the two steps. In general, we should not expect this process to terminate as the following example illustrates. The integral curves of X are spirals moving away from the origin. Here S 1 and S 5 are tangential strata. The others are transversal strata. There is no subdivision possible (or necessary) for S 1 . The curves through S 5 exit at one of the three strata S 2 , S 3 , and S 4 .
Step 1 requires that we subdivide S 5 into three regions. One region is composed of the integral curves of X which exit S 5 through S 3 , another is composed of the integral curves which exit through S 4 and the third is composed of the single integral curve which exits through the point S 2 .
Step 2 now requires that we subdivide the transversal strata according to a similar rule, but now curves from S 3 leave through three di erent regions and we must subdivide this stratum further (into three regions, in fact). The subdivision point is marked with an x in the gure and corresponds to the rst point of intersection of S 3 and the integral curve from S 2 run backwards in time. This now causes one of the regions in S 5 to be subdivided further and clearly the process will not terminate.
For linear vector elds the existence of \spiral" points, such as above, is essentially the only obstruction to the procedure as the following theorem illustrates.
Theorem 4.6. Let M = R 2 , X be the linear vector eld Ax and assume that the eigenvalues of A are real. Then the Re nement Process terminates.
Outline of the proof. The assumption means that (0; 0) is not a center of A. Assume the process doesn't terminate. This means that there exists a transversal stratum T, a point q 2 T and an in nite sequence ft n g with t n ! ?1 and such that q (t n ) 2 T for all n, where q is the integral curve of X passing through q when t = 0. We must have dim T = 1, since for strata of dimension zero the above can't happen and strata of dimension two are not transversal.
By taking a subsequence we may assume that q (t n ) converges to a point p. By the assumption on the vector eld, we have p = (0; 0). We are only interested in what happens in a compact set. For linear vector elds, given a compact set, there exists a ball centered at (0; 0) such that every integral curve starting in the set which exits the ball will remain outside the compact set.
We now use the fact that the subanalytic stratum T has a well de ned \direction" v T at p. If p 2 T then that direction is the tangent to T. If p 2 T n T then this is the limiting direction of T which exists since T is a subanalytic curve.
The contradiction now arises from the fact that the integral curve must cross T in the \same direction" at every t n (otherwise there would be a point of tangency for X on T). But this can only happen if the angle between X( q (t)) and, say, the vector (1; 0) goes to in nity, which means that (0; 0) is a center of A. This contradicts the assumptions on the eigenvalues of A.
A similar results holds for a linear vector eld in R n . The complete proofs will be given in the nal version of the paper.
Conclusions
In this abstract, we presented some preliminary results on obtaining nite bisimulations of analytic vector elds. An algorithm is provided and termination is guaranteed for a class of linear vector elds. In the full paper, proofs of all statements will be included. Even though in this paper continuous dynamic systems were considered, the extensions to hybrid systems, even though harder, are conceptually similar. First, obtaining a bisimulation for each continuous system residing in each discrete location of a hybrid system is a su cient condition for obtaining a bisimulation of the overall hybrid system. Second, bisimulations of hybrid systems can still be considered in the framework of subanalytic strati cations by allowing multiple vector elds as well as reset maps. It should be noted that the main results of this paper are existential since they prove the existence of nite bisimulations. However, there is a long way to making this procedure computationally e ective. Furthermore, if the bisimulation algorithm does not terminate (or is not computable), it may be useful to consider system overapproximations, or abstractions 12], for which the algorithm would terminate (or can be computed).
